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Bound states of two interacting particles moving on a lattice can exhibit remarkable features
that are not captured by the underlying single-particle picture. Inspired by this phenomenon, we
introduce a novel framework by which genuine interaction-induced geometric and topological effects
can be realized in quantum-engineered systems. Our approach builds on the design of effective
lattices for the center-of-mass motion of two-body bound states (doublons), which can be created
through long-range interactions. This general scenario is illustrated on several examples, where
flat-band localization, topological pumps and higher-order topological corner modes emerge from
genuine interaction effects. Our results pave the way for the exploration of interaction-induced
topological effects in a variety of platforms, ranging from ultracold gases to interacting photonic
devices.
I. INTRODUCTION
Over the last decades, topology has emerged as a novel
paradigm in condensed matter physics. The properties
of topological states of matter manifest through various
phenomena, including quantized transport coefficients,
degeneracies in Bloch bands in the form of Dirac or Weyl
points, and the presence of unusual edge modes. In recent
years, these features have been identified not only in
electronic systems [1, 2] but also in cold atoms [3, 4],
photonics [5] and many other platforms.
Symmetries and dimensionality play a fundamental
role in characterizing the properties of such quantum
phases of matter. Topological band theory [6] has
been developed in order to identify all possible classes
of topological phases based on time-reversal, particle-
hole and chiral symmetries. This classification has
been further extended to include crystalline symmetries
[7, 8], such as inversion or mirror symmetries, which are
related to the point groups of the underlying lattice.
More recently, crystal symmetries have been exploited
to predict the existence of topological insulators whose
edge modes are localized in a lower-dimensional subspace
of the geometric edges, such as corners or hinges; these
exotic phases have been dubbed higher-order topological
insulators [9–11].
Topological band theory relies on a single-particle
description (based on quadratic Hamiltonians), where
interactions between quasi-particles are absent. Inter-
actions can nonetheless play a crucial role in a variety of
topological phenomena [12, 13], as was first revealed in
the context of the fractional quantum Hall effect [14, 15]
and, more recently, in interacting symmetry-protected
topological phases [16–18]. And while strongly-correlated
many-body systems present some of the most striking
phenomena of condensed matter, the physics of few
interacting particles can already exhibit highly nontrivial
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features. For instance, stable (repulsively) bound states
of two particles (or doublons) can be formed on a
lattice thanks to the finite bandwidth of the single-
particle dispersion [19, 20]. Tightly-bound doublons
typically move through second-order hopping processes
similarly to the super-exchange mechanism in Hubbard
antiferromagnets. The first observation of repulsively
bound states was made possible by the high tunability of
cold-atom systems [21, 22] and have recently attracted
attention for the study of interacting quantum walks
[23]. Moreover, one-dimensional doublon physics has also
been simulated in arrays of linear waveguides [24, 25]
and optical fiber setups [26] by exploiting a mapping of
the two-body wavefunction into a higher-dimensional free
theory [27].
Recently, considerable efforts have been devoted to
the study of interaction effects in topological models,
and in particular, to the behavior of the resulting two-
body states. For instance, in one dimension, onsite
interactions were shown to break chiral symmetry and
to substantially modify the related edge-state properties.
Specifically, studies of the Su-Schrieffer-Heeger (SSH)
model have demonstrated how interactions can generate
defect potentials on the edge, which can potentially
remove topological (bound) edge states or pin non-
topological ones [28–30]; these studies have been ex-
tended to the case of nearest-neighbor interactions [31–
33] and to the case of a mobile impurity [34]. In
two-dimensional time-reversal broken systems [35–38],
interactions induce a change of chirality for the doublon
edge currents, which have been observed in cold-atom
[39] and superconducting qubits experiments [40]. Very
recently, topological doublons without a single-particle
topological counterpart have been predicted through
inhomogenous pair-hopping processes that induce a two-
body SSH dimerization, which has been simulated using
classical circuits [41]. Besides, the effective mass of bound
states in a flat-band system has also been connected to
the geometric properties of the single-particle dispersion
[42].
In this work, we demonstrate how two-body lattice sys-
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2tems featuring nearest-neighbor interactions, combined
with a hardcore constraint, can provide a new framework
by which genuine interaction-induced geometric and
topological phenomena can be engineered. Our approach
builds on the realization of effective lattice structures
for doublons: we exploit nearest-neighbor interactions
to stabilize a bound state whose center of mass sits
on the bonds of the underlying lattice, thus defining a
different (dual) lattice for the doublon dynamics. We
employ effective theories – including up to second-order
hopping processes – to describe a variety of intriguing
scenarios, which we then validate using numerical exact-
diagonalization calculations. First, we show that the sim-
plest configuration featuring isotropic interactions can
already yield topological band degeneracies as well as flat
Bloch bands for the doublon bound states. In particular,
such effective flat bands are associated with a striking
interaction-induced localization phenomenon, which can
be observed by monitoring the doublons dynamics. Then,
we explore regimes where first-order hopping processes
dominate and lead to robust topological phenomena for
doublons; this includes the realization of interaction-
induced Thouless pumps and higher-order topological
states, which exhibit unusual edge and corner states
of doublons. We finally propose different experimental
platforms, such as dipolar gases or Rydberg atoms,
as realistic systems based on which these interaction-
induced phenomena can be investigated.
II. BOUND STATES ON THE DUAL LATTICE
We start by briefly reviewing the theory used below
to describe tightly-bound two-particle states on a lattice
with nearest-neighbor interactions. Let us consider two
hardcore bosons hopping on a lattice according to the
Hamiltonian
H0 = −
∑
i6=j
(
Jijb
†
i bj + H.c.
)
, (1)
and interacting through nearest-neighbor interactions
HV =
1
2
∑
〈i,j〉
Vijninj . (2)
Here we set Vij = Vji ≡ V`, where ` ≡ (i, j) identifies
the lattice bonds, and ni = b
†
i bi denotes the number
operator. We further impose a hardcore contraint,
namely, bibi = b
†
i b
†
i = 0.
If there exists a set of bonds such that the correspond-
ing interaction V` is larger than all the energy scales of
the problem, the set of tightly-bound two-particle states
|d`〉 ≡ b†i b†j |0〉 is the proper basis to describe the problem
within the energy window set by V`. In the rest of this
work, we will refer to such two-body bound states as
doublons. The center of mass of these composite objects,
which sits on the lattice bonds, defines a dual lattice
(b)
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Figure 1. Basic doublon dynamics. (a) The first row shows
how a bound state d` of energy V , with a hardcore constraint,
hops through second-order processes on a 1D chain. In
the second row, the center-of-mass of the bound state is
indicated as square markers corresponding to a dual lattice.
The effective doublon hopping amplitude is Jeff. (b) First-
order hopping process of a doublon in a triangular geometry;
the doublon hopping has the same magnitude of the single-
particle process.
where the doublon dynamics takes place. If a sizeable
onsite interaction were present, we would have needed to
introduce a second type of doublon state whose center
of mass sits on the sites of the lattice. Here, we have
removed this case through the hardcore constraint.
A doublon acquires mobility and it delocalizes across
the lattice through single-particle hopping processes that
can be described in perturbation theory. Given two
doublon states |d`〉 and |d`′〉, the matrix elements of the
effective Hamiltonian Heff describing the doublon Hilbert
space can be calculated as
〈d`|Heff|d`′〉 = V`δ`,`′ + 〈d`|H0|d`′〉+ (3)
+
1
2
∑
α
〈d`|H0|α〉〈α|H0|d`′〉
[
1
V` − α +
1
V`′ − α
]
,
up to second order in H0 [43]. Here, |α〉 are two-particle
eigenstates of HV whose energies satisfy α  V`. In
our discussion, we neglect the possibility of pair hopping
processes but we allow the nearest-neighbor interactions
to be anisotropic. When ` = `′, the matrix elements
correspond to the doublon onsite energies eff` . When
` 6= `′ they correspond to doublon hopping processes that
we define as 〈d`|Heff|d`′〉 ≡ −Jeff``′ . The effective doublon
Hamiltonian has therefore the following form
Heff = −
∑
` 6=`′
(
Jeff``′d
†
`d`′ + H.c.
)
+
∑
`
eff` d
†
`d` . (4)
In Fig. 1, examples of first-order and second-order
processes are shown along with a representation of the
center-of-mass position for the doublon bound states.
In this framework, the dual doublon lattice can be
different from the original one, thus bringing emergent
geometric and topological properties. Let us consider
3(b)
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Figure 2. (a) The bound state of hardcore bosons on a
square lattice with nearest-neighbor interactions is mapped
onto a dual chequerboard lattice with hopping coefficients
J ′eff = −J2/V , Jeff = −2J2/V that displays a quadratic band
touching minimum. (b) Starting from a honeycomb lattice,
the dual lattice is a kagome lattice with hopping coefficients
Jeff = −J2/V that displays a geometric flat band, a Dirac
point and a quadratic band touching point.
the simplest case of an interaction with magnitude V` =
V on all nearest-neighbor lattice bonds. On a square
lattice, the dynamics of the doublon center of mass takes
place on a dual chequerboard geometry, as shown in
Fig. 2(a). The emergent dual lattice is bipartite and
the corresponding energy bands display a topologically
protected quadratic band-touching point [44, 45]. In-
stead, starting from a honeycomb geometry, the dual
lattice is a kagome lattice [Fig. 2(b)]. Differently from the
square lattice case, in this scenario the dual lattice hosts
sites with different connectivities. As a consequence, the
doublon dispersion displays an emergent flat band, which
induces two-body localization, and also a quadratic band
touching point.
The different scenarios presented so far take place
through second-order hopping processes. An interesting
perspective occurs when the two-body problem takes
place on a lattice that allows for first-order processes in
Eq. (3); see Fig. 1 and the following section.
III. THE TRIANGULAR LADDER
Let us consider a triangular ladder as shown in
Fig. 3(a). If nearest-neighbor interactions V` = V
are present for all bonds `, the dual doublon lattice is
equivalent to a sawtooth chain, where the sites have
now different connectivities, as for the kagome lattice
discussed in the previous section. Let us now take
different hopping amplitudes for the rungs and the legs of
the ladder, J rung =J ′ and J legs =J . These single-particle
hopping processes are inherited by the doublon dynamics
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Figure 3. (a) Triangular ladder geometry with uniform
nearest-neighbor interactions, and effective dual sawtooth
chain geometry. The single-particle hopping amplitudes are
indicated as Jrung = J ′ and J legs = J , whereas the effective
doublon model described by Jeff = J and J
′
eff = J
′ is shown
in the second row. (b) Two-body spectrum for V = 30J ,
J ′ =
√
2J and L = 21 sites, exhibiting a flat band at high
energy. The in-gap states are localized edge states that are
detuned from the bulk flat band states. (c) Time evolution of
the two-body initial state |ψσ(0)〉 (see main text) for σ = −1
(left panel) and σ = 1 (right panel); when σ = −1 the initial
state projects onto the flat band, hence yielding flat-band
localization for the doublon.
on the dual sawtooth chain at first order in Eq. (3). An
interesting feature of the sawtooth chain is the presence
of a fine-tuned flat band when J ′=
√
2J [46].
In order to verify the emergent localization proper-
ties, we have used exact diagonalization to numerically
calculate the two-body spectrum for a chain of L =
20 sites and V = 30J , which is shown in Fig. 3(b).
A flat band is clearly visible at high energy, and we
note that its very small residual bandwidth is due to
hopping processes occurring at second-order or higher.
The localized eigenstates in the flat band have the form
shown in the inset of Fig. 3(b). We have simulated
the two-body dynamics by preparing the initial state
|ψ(0)〉 =
(
b†i b
†
i+1 + σ
√
2b†i b
†
i+2 + b
†
i+1b
†
i+2
)
|0〉, and we
show the results in Fig 3(c) for σ = ∓1. For σ = −1,
the absence of dynamics indicates that the prepared state
well projects onto the effective flat band, which justifies
our perturbative approximation truncated to first order;
this numerical simulation demonstrates the existence
of an interaction-induced localization phenomenon. In
contrast, for σ = 1, the initial state substantially projects
onto the dispersive band, and it propagates across the
lattice while remaining bound.
A novel regime occurs if we instead consider
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Figure 4. (a) Triangular ladder geometry with nearest-
neighbor interactions on the rungs, and effective dual SSH ge-
ometry. The single-particle hopping amplitudes are indicated
as Jrung = J ′ and J legs = J1,2, whereas the effective doublon
model described by Jeff1,2 = J1,2 is shown in the second row. (b)
Two-body spectrum for V = 30J2, J
′ = J2, J1 = 0.2J2 and
L = 21 sites. One of the midgap edge states is shown in the
bottom panel. (c) Adiabatic spectrum upon modulation of
two-body parameters with J0 = 1, V = 30J0, δJ = 0.5J0 and
δV = 0.5J0 (see text). (d) Center-of-mass (COM) dynamics
with the parameters as in (c) and ω = 10−3J0.
anisotropic interactions. The simplest and most in-
teresting configuration corresponds to having inter-leg
interactions only. In this case, the doublon center of
mass sits on the rungs of the ladder, and the dual lattice
corresponds to a one-dimensional chain, as shown in
Fig. 4(a). By taking different hopping amplitudes on each
leg, J1, J2, we obtain a dual dimerized SSH chain for the
doublon dynamics. At first-order in perturbation theory,
we obtain that the effective doublon hopping amplitudes
are Jeff1 = J1 and J
eff
2 = J2, as shown in Fig. 4(a).
As expected, the two-body spectrum shown in Fig. 4(b)
has two gapped bands and admits two-body topological
edge states. In Figs. 4(c) and (d), we show a pumping
protocol to transport two-particle states from one edge
to the other of the triangular ladder. After preparing
the initial state |ψ(0)〉 = b†0b†1|0〉 at the left end of the
chain, we adiabatically modulate the interactions in time
as V2i,2i+1 = V − δV sin(ωt), V2i,2i−1 = V + δV sin(ωt).
At the same time, we adiabatically modulate the hopping
amplitudes on the legs J1 = J0 − δJ cos(ωt) and J2 =
J0 + δJ cos(ωt). In the effective model picture, this
protocol corresponds to the realization of a Thouless
pump [47–49] for doublons; see also Ref. [50].
A comparison with the results of Refs. [28–30] is
instructive. In these previous works, different aspects of
doublon physics have been explored on the SSH chain for
large onsite interactions. The resulting effective doublon
dynamics was also described by an SSH model, but
there the doublon hopping processes only occurred at
second order in perturbation theory. Importantly, it was
shown that the expected doublon edge modes are missing
because interactions induce a strong chiral symmetry
breaking at both ends of the chain that is of the same
order as the band gap; as a consequence, the doublon
edge modes are off-detuned and they become resonant
with the doublon bulk bands. In contrast, in our present
framework where first-order hopping processes dominate
[Fig. 1(b)], the only source of chiral symmetry break-
ing comes from higher orders in perturbation theory,
which introduce small long-range hopping amplitudes
and slightly shift the edge on-site energies compared to
the ones of the bulk. These small corrections can be
safely neglected for sufficiently large interactions.
IV. CORNER STATES OF DOUBLONS IN TWO
DIMENSIONS
We now discuss two models in two spatial dimen-
sions, where first order processes [Fig. 1(b)] provide a
mechanism by which corner states of doublons can be
generated.
A. Higher-order topological insulator of doublons
Here, we provide an example of an interaction-induced
higher-order topological insulator for doublons, by con-
sidering two stacked square lattices with a pi-flux per pla-
quette each, as shown in Fig. 5(a). The stacking is chosen
such that one lattice sits on the plaquette centers of the
other. This model can be seen as a higher-dimensional
version of the triangular ladder model studied above. In
direct analogy, we take two different hopping amplitudes
on each sublattice or layer, J1 and J2. Moreover,
we consider inter-layer interactions, whereas intra-layer
interactions are assumed to be negligible.
The dual doublon lattice is shown in Fig. 5(b), and it
displays an emergent staggered flux pattern. We show
now that this model shares several properties with the
2D SSH model with pi-flux [9], which is the prototypical
example of a higher-order topological insulator. Differ-
ently from that case, the unit cell here includes 8×8 sites
and the model Hamiltonian can be written as
Heff(k) =
(
Σ ∆
∆∗ Σ
)
(5)
with
Σ =
(
J1σx c1σx + c2σy
c∗1σx − c∗2σy J1σx
)
(6)
and ∆ = σz ⊗ (c˜1σ0 + c˜2σz), where c1 = J2(1 + e−ikx)/2,
c2 = J2(1 − e−ikx)/2i, c˜1 = −J2e−iky , c˜2 = −J1, σx,y,z
are the Pauli matrices and σ0 is the 2×2 identity matrix.
The band structure of this model is shown in Fig. 5(c).
In the limit where J1 = 0, this model is equivalent
to the atomic limit of the 2D SSH model with pi-flux
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Figure 5. (a) Two stacked square lattices (blue and red
circles) with different intra-layer hopping amplitudes Jblue ≡
J1 and J
red ≡ J2 and pi-flux per plaquette in each sublattice
(sign changes in the hopping matrix elements are represented
by thick vertical lines). Dashed lines represent inter-layer
hopping J ′. (b) Effective model obtained for two hardcore
bosons and large nearest-neighbor inter-layer interactions
with Jeff1 = J1 and J
eff
2 = J2. The numbers on the lattice
sites indicate the ordering used for the effective Hamiltonian
in Eq. (5). (c) Band structure of the effective model at first
order in perturbation theory for J1 = 0.3J2 and V = 30J2.
(d) Two-body spectrum as a function of J1/J2 for V = 30J2.
(e) Doublon corner states at energy E ∼ 30J2 for J1 = 0.3J2
and J ′ = 0.1J2.
up to a basis transformation. Therefore, it displays a
bulk quadrupole moment and corner states protected
by two non-commuting mirror symmetries, which in our
basis have the matrix form Mx = σz ⊗ σy ⊗ σy and
My = σx ⊗ σ0 ⊗ σ0. Additionally, this model always
has a chiral symmetry C = σz ⊗ σ0 ⊗ σz. For finite
J1, only My and C remain symmetries of the model
and the quantization of the bulk quadrupole moment is
therefore not guaranteed; however, the chiral symmetry
still protects the zero-energy corner states [51].
In Fig. 5(d), we show the exact two-body spectrum of
this model with open boundary conditions as a function
of the ratio J1/J2, and an example of the two-body corner
modes are shown in Fig. 5(e). A topological transition
takes place at J1 = J2 upon closing of the “zero-energy”
band gap, which is supported by the disappearance of
the corner modes.
B. Corner modes of doublons on the Lieb lattice
As a final example, we consider a Lieb lattice (or a
decorated square lattice) with nearest-neighbor interac-
tions V , nearest-neighbor hopping J and next-nearest-
neighbor hopping J ′, as shown in Fig. 6(a). The dual
Je↵
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Figure 6. (a) Lieb lattice with nearest-neighbor hopping
J and next-nearest-neighbor hopping J ′ with interaction V
on the latter bonds. (b) Square-octagon dual lattice with
effective hopping amplitudes J ′eff = J
′ − J2/V and Jeff =
−J2/V . The corners of this effective model are highlighed by
a red dashed line and correspond to dimers. (c) Doublon
band structure for the effective square-octagon model for
J ′ = 0.3J and V = 30J . (d) Two-body spectrum with open
boundary conditions for a Lieb lattice with 4 × 4 plaquettes
and parameters as in (c). Corner modes are indicated by
red dashed arrows. Notice the presence of additional bands
indicated by solid black arrows corresponding to edge states.
(e) Corner modes density, as obtained by superimposing
corner states indicated by arrows in panel (d).
lattice for the doublon center of mass is a square-octagon
lattice [see Fig. 6(b)], and the bound state dynamics
is governed by a combination of first-order and second-
order processes that yield two hopping amplitudes, J ′eff =
J ′ − J2/V and Jeff = J2/V . The corresponding doublon
band structure is displayed in Fig. 6(c). We point out
that several studies have investigated the properties of
this lattice in the presence of magnetic flux [52] or spin-
orbit coupling [53], as well as in Kitaev-type models
[54, 55].
An interesting feature of the dual lattice emerges upon
applying open boundary conditions: at the corners of the
lattice, the unit cell breaks into dimers, as illustrated in
Fig. 6(b). In the atomic limit where Jeff → 0, namely
when V → ∞, corner modes sit on a dimer and have
energy corner = V ± J ′ whereas the bulk bands are
centered around ±bulk = V ± 2J ′ and 0bulk = V . As
a consequence, the corner modes are off-resonant with
respect to the bulk modes and they can be spectrally
resolved. These corner modes are not protected by the
two commuting mirror symmetries of the model, however
for finite values of Jeff they remain in the band gap, as
shown in Figs. 6(d)-(e). Differently from intrinsic corner
modes, these states can be seen as termination-dependent
(or extrinsic) corner states [51, 56]; such edge states occur
6in other lattices, such as the sawtooth chain (see Fig. 3) or
in the diamond chain with pi-flux [57]. Similar arguments
hold for the edges of the lattice, where the unit cell breaks
into a set of three sites, thus yielding the localized edge
modes shown in the spectrum of Fig. 6(d).
V. DISCUSSION AND CONCLUSIONS
In this work, we have discussed how nearest-neighbor
interactions dramatically affect the physics of two-body
bound states on different lattice systems. Moreover, the
presence of a hardcore constraint plays a crucial role in
setting a well defined dual lattice for the dynamics of
the bound-state’s center of mass. While our calculations
have been performed for hardcore bosons, spin polarized
fermions could also be considered.
In recent years, several tuneable platforms with long-
range interactions have become available. Dipolar long-
range interactions appear in Rydberg atoms, which
have been recently exploited to investigate a many-
body symmetry-protected topological phase [58], or to
create bound atomic dimers at distances comparable to
the lattice spacing [59]. In dipolar gases [60], long-
range interactions have allowed for the experimental
exploration of the Mott insulator-superfluid transition in
an extended Bose-Hubbard setting [61].
A concrete platform could be offered by dipolar atoms
in optical lattices, where similar preparation and probing
methods as those used in the two-body experiment [39]
could be considered. The configurations depicted in
Figs. 2 and 3 would require a polarization axis orthogonal
to the lattice plane such that the dipolar interaction acts
isotropically on all the nearest-neighbor bonds. The con-
trol over the relative single-particle hopping strengths, J
and J ′, required in the model illustrated in Fig. 3 can be
achieved by shaking the optical lattice along the ladder
axis. In order to access the physics described in Fig. 4,
one would need to consider a squeezed triangular ladder
such that the distance between neighboring sites on each
leg of the ladder is larger than the distance between
neighboring sites belonging to different legs. The power-
law decay of the dipolar interaction will then provide
a dominant contribution to the shortest bonds. The
pumping scheme described in Sec. III requires a control
over the hopping amplitudes J1 and J2, which could be
achieved by using an anisotropic optical lattice (whose
depth is different on different legs of the ladder). Finally,
the staggered inter-leg interaction can be obtained by
exploiting the anisotropic nature of dipolar interactions,
namely by appropriately tilting the polarization axis, e.g.
along the plane orthogonal to the even lattice bonds.
The results presented in this work pave the way to
novel and interesting questions concerning bound-states
physics. In our work, we have investigated scenarios
in quasi-1D and 2D geometries, but the physics of
3D topological doublons is mostly unexplored. An
interesting perspective is to understand the effects of
dipolar long-range interactions, which will manifest their
anisotropic nature together with a competition between
attractive and repulsive behavior. Moreover, while the
effects of magnetic flux and nearest-neighbor interactions
on doublon physics has only been considered for the
Harper-Hofstadter model [36], a rich behavior can appear
in the geometries considered in our work or in 3D where
more exotic regimes, e.g. hosting chiral hinge states [10],
can exist.
As a concluding remark, it is worth calling the at-
tention on the fact that doublon systems can display
nontrivial many-body phases upon appropriate quench
protocols [62–64]. At the same time, recent quantum
distillation experiments have demonstrated the possibil-
ity to purify cold atomic gases in optical lattices from
unbound states (singlons) thanks to the faster mobility
of the latter [65, 66]. An important outlook is therefore
to understand the quantum distillation mechanism in
the framework considered in our work. Indeed, even
though we have argued that first-order single-particle
processes can be dominant for the doublon dynamics,
their mobility is nevertheless affected by the effective
dispersion of the dual lattice as compared to the one of
unbound particles. This fact could be therefore exploited
to investigate quantum doublon distillation in the many-
body regime with long-range interactions.
Finally, we note that recent advances in photon-
ics [40, 67] have allowed for the creation of strong on-
site interactions for photons, which opens an interesting
avenue for two-body topological physics in that context.
While preparing this manuscript, we became aware of
a recent work [68] investigating topological bound states
on a triangular ladder with nearest-neighbor interactions,
as realized in state-dependent lattices. Besides, another
recent study [69] has shown how fractional corner charges
appear in the ground state of a 2D SSH lattice with Bose-
Hubbard interactions.
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